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Abstract

What knowledge is needed to teach mathematics with digital technologies?
The overarching construct, called technology, pedagogy, and content
knowledge (TPACK), has been proposed as the interconnection and
intersection of technology, pedagogy, and content knowledge. Mathematics
Teacher TPACK Standards offer guidelines for thinking about this construct.
A Mathematics Teacher Development Model describes the development of
TPACK toward meeting these standards. The standards and model provide
structured detail to further the work of various groups. The proposals may
guide teachers, researchers, teacher educators, professional development
consultants, and school administrators in the development and evaluation of
professional development activities, mathematics education programs, and
school mathematics programs.
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In 1986 Lee Shulman launched a new way of thinking about the knowledge teachers need
for teaching with a construct that he called pedagogical content knowledge (PCK). This
new way of thinking about the knowledge teachers need for teaching called for the
integration of content knowledge (the knowledge previously considered the primary
knowledge for teachers) and pedagogical knowledge (the knowledge about teaching and
learning). The intersection of these two knowledge bases, PCK, was described as the way
of representing and formulating subject matter knowledge, the knowledge that makes the
subject matter comprehensible to learners (Shulman, 1986, 1987; Wilson, Shulman, &
Richert, 1987). More specifically, Shulman (1986) characterized a teacher’s PCK as
knowledge of

the most regularly taught topics in one’s subject area, the most useful forms
of representation of those ideas, the most powerful analogies, illustrations,
examples, explanations, and demonstrations ... including an understanding
of what makes the learning of specific concepts easy or difficult: the concepts
and preconceptions that students of different ages and backgrounds bring
with them to the learning. ( p. 9)

During those early discussions of the construction of knowledge growth in teaching,
teacher preparation programs were challenged to determine how they might guide the
development of this teacher knowledge. Some programs honed in on the development of
six primary domains of knowledge essential for effective instruction: subject matter
knowledge, pedagogical knowledge, knowledge of schools, knowledge of learners, and
curricular knowledge, with PCK as the essence of the intersection of these five domains of
knowledge (Niess, 2001). The relationship was viewed as a complex and integrated
structure where no domain was totally distinct or separate from the other, with the
relative amount of overlap and interaction among the domains constantly changing as
preservice teachers made sense of and prioritized the multiple factors affecting student
learning.

Attention to PCK through research studies provided insight into the preparation of
preservice mathematics teachers’ development of PCK (Ball, 1988; Civil, 1992; Grossman,
1991; McDiarmid, 1990; Simon & Brobeck, 1993; Simon & Mazza, 1993; Wilcox et al.,
1990). Grossman’s (1989, 1990) research identified four central components of PCK to
focus the description and understanding of the knowledge needing development in the
preparation programs: (a) an overarching conception of what it means to teach a
particular subject; (b) knowledge of instructional strategies and representations for
teaching particular subject matter topics; (c) knowledge of students’ understandings,
thinking, and learning in the subject area; (d) knowledge of curriculum and curriculum
materials with learning subject matter (Borko & Purtnam, 1996).

As this understanding of PCK evolved, modern digital technologies also began to be
recognized as useful for teaching and learning. During the late 1970s and 1980s, the focus
in mathematics education was on identifying places in mathematics instruction for
inserting digital technology applications. A myriad of software programs afforded drill
and practice in a variety of environments that were more entertaining than traditional
paper-and-pencil worksheets for providing practice with computational skills. Graphing
calculators offered capabilities for efficiently generating visuals of graphs useful for
demonstrating mathematical ideas such as slope and y-intercept for linear functions and
points of intersection for multiple functions.

The primary vision for employing mathematical digital technologies was for
demonstration and verification of ideas previously developed in the classroom.
Calculators — from limited four-function calculators to scientific calculators — were
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restricted with the belief that these tools trivialized the mathematics rather than engaging
students in learning mathematics. The lack of an in-depth integration of these
technologies prompted Kaput’s (1992) lament that the “major limitations of computer use
in the coming decades are likely to be less a result of technological limitations than a
result of limited human imagination and the constraints of old habits and social
structures” (p. 515).

An examination of mathematics teachers’ PCK in the late 1980s and early 1990s revealed
an overarching conception that teachers’ beliefs about how to teach mathematics
generally were aligned with how they learned mathematics. Although a few teachers
embraced the use of graphing calculators, spreadsheets, and software like Logo and
Geometric Supposer, many did not. Mathematics teachers’ knowledge of instructional
strategies and representations for teaching particular mathematical topics relegated the
application of such digital technologies to demonstration, verification, and drill and
practice. Their knowledge of students’ understandings, thinking, and learning in
mathematics held to the importance of mastery of skills with paper and pencil prior to
using modern digital technologies (Kastberg & Leatham, 2005; Walen, Williams, &
Garner, 2003; Yoder, 2000).

Furthermore, access to technology without necessary knowledge of related curriculum
materials did not encourage teachers to incorporate the technology in their classroom
instruction (Kastberg & Leatham, 2005). “In the absence of professional development on
instructional technology and curriculum materials that integrate technology use into the
lesson content, teachers are not particularly likely to embed technology-based or
technology-rich activities into their courses” (Ferrini-Mundy & Breaux, 2008, p. 437-

438).

Fast forward to 2008 to see that many mathematics teachers’ PCK lacks a solid and
consistent integration of modern digital technologies in mathematics curriculum and
instruction. Technologies, such as dynamic geometry tools or advanced graphing
calculators with computer algebra systems (CAS), are primarily used for modeling and
providing examples, where students imitate the actions and use the technologies for
verification, demonstration, and drill and practice. In essence then, while digital
technologies have evolved, strategies for their effective integration into the learning of
mathematics have not evolved as rapidly.

Mathematics TPACK: The Total Package for Teaching Mathematics

As time shifted and digital technologies became more accessible and incorporated into
citizens’ work and play, the International Society for Technology and Education (ISTE)
challenged teachers to think about the technology skills and knowledge students would
need in an increasingly technology savvy society. By the turn of the 21st century, the
National Education Technology Standards for Students (NETS-S; ISTE, 2000) were
released with the goal of supporting the evolution of effective use of appropriate
technologies in school settings.

ISTE recognized that these new standards called for different teacher knowledge than was
currently operating in the schools. Within the following 2 years, the National

Educational Technology Standards for Teachers (NETS-T; ISTE, 2002) were also
released. Although embedded in a rapidly changing digital society, little real instructional
change filtered into classrooms. Therefore, ISTE moved to shift the focus of the NETS-S
from basic skills and knowledge needed to operate the technology to learning how to
effectively use the technology; the NETS-S were updated in 2007. Subsequently, to assist
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teachers in responding to the call of learning environments supported by multiple
technologies, a revision of the teacher standards was released in 2008.

These standards effectively shifted the focus on digital technologies toward a concern
about the curriculum and instructional uses of the digital tools and resources. Earle
(2002) framed this shift most clearly:

Integrating technology is not about technology — it is primarily about
content and effective instructional practices. Technology involves the tools
with which we deliver content and implement practices in better ways. Its
focus must be on curriculum and learning. Integration is defined not by the
amount or type of technology used, but by how and why it is used. (p. 8)

Numerous researchers focused on the integration of technology, content, and pedagogy in
much the same way that Shulman described PCK, to gain a broader perspective on the
knowledge teachers need for teaching with technology. In essence, they defined
technological pedagogical content knowledge (TPCK) as that body of knowledge teachers
needed for teaching with and about technology in their assigned subject areas and grade
levels. TPCK was presented as the interconnection and intersection of content, pedagogy
(teaching and student learning), and technology (Margerum-Leys & Marx, 2002; Mishra
& Koehler, 2006; Niess, 2005; Pierson, 2001). The idea of TPCK developed to the point
that the American Association of Colleges of Teacher Education supported the
collaboration of multiple TPCK authors in the development of The Handbook of
Technological Pedagogical Content Knowledge for Educators (AACTE Committee on
Technology and Innovation, 2008).

TPCK was proposed as the strict intersection between the three individual knowledge
constructs of technology, pedagogy, and subject matter content. The discussion often
expanded beyond this intersection to include the overlapping constructs of technological
content knowledge (TCK), technological pedagogical knowledge (TPK), and PCK (Koehler
& Mishra, 2008). With the importance of the interplay between these constructs, TPCK
has, over time, been recast as TPACK, or the total package required for integrating
technology, pedagogy, and content knowledge in the design of instruction for thinking
and learning mathematics with digital technologies (Niess, 2008; Thompson & Mishra,
2007). As technology, students, teachers, and classroom contexts change, TPACK
provides a dynamic framework for viewing teachers’ knowledge necessary for the design
of curriculum and instruction focused on the preparation of their students for thinking
and learning mathematics with digital technologies.

Mathematics Teacher TPACK Standards

The National Council of Teachers of Mathematics (NCTM) supported this new vision of
TPACK early in 2000 with its Technology Principle in its standards for a new century,
stating that “Technology is essential in teaching and learning mathematics; it influences
the mathematics that is taught and enhances students’ learning” (NCTM, 2000, p. 24).
NCTM recognized and advocated the importance of the types of experiences teachers
needed to be prepared to meet this standard. “If teachers are to learn how to create a
positive environment that promotes collaborative problem solving, incorporates
technology in a meaningful way, invites intellectual exploration, and supports student
thinking, they themselves must experience learning in such an environment” (NCTM,
2007, p. 119). Similarly, the Association for Mathematics Teacher Educators (AMTE)
advocated for enhancing the preparation of mathematics teachers in their Technology
Position Statement: “Mathematics teacher preparation programs must ensure that all
mathematics teachers and teacher candidates have opportunities to acquire the
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knowledge and experiences needed to incorporate technology in the context of teaching
and learning mathematics” (AMTE, 2006). Yet, the question remained: What do these
recommendations mean for improving the preparation of mathematics teachers?

The AMTE Technology Committee, whose role is to promote the investigation,
engagement, and evaluation of uses of technology in mathematics teacher education and
to recommend policy related to technology issues pertaining to enhancing mathematics
teacher education programs, began addressing this question, initiating work on a set of
mathematics-specific standards for TPACK. Given their charge, the AMTE Technology
Committee considered the identification of directions and standards for mathematics
teaching essential for promoting the improvement of mathematics education in the 21st
century.

Beginning in 2007, the Committee focused on the task of creating a set of mathematics
teacher standards to promote the implementation of technology in the context of teaching
and learning mathematics in grades preK-12 as envisioned in the NETS-T. Although the
NETS-T and NETS-S have been revisited and updated, neither set of standards provides
content-specific ideas that address what students or teachers should know about using
technology for learning mathematics. Therefore, these new mathematics teacher
standards are intended to provide a framework for guiding professional practice that
supports the improvement of mathematics teaching and learning. The themes in the
standards are framed around the TPACK ideas that Niess (2005) adapted from
Grossman’s four components of PCK. The themes consider the teacher knowledge of
incorporating technology in teaching mathematics as the knowledge and beliefs teachers
demonstrate consistent with

e An overarching conception about the purposes for incorporating technology in
teaching mathematics;

¢ Knowledge of students’ understandings, thinking, and learning of mathematics
with technology;

¢ Knowledge of curriculum and curricular materials that integrate technology in
learning and teaching mathematics;

e Knowledge of instructional strategies and representations for teaching and
learning mathematics with technologies.

A draft of the standards was presented to a working group session at the 12th annual
conference of the AMTE in January 2008. Changes were made to the standards reflecting
suggestions from the working group session. The updated standards draft was then
presented at the 19th annual Society for Information Technology and Teacher Education
(SITE) conference. As a followup, the standards were then disseminated to the AMTE
Technology Committee, AMTE working group session participants, and SITE panel
participants with a request for feedback. Subcommittees of the AMTE Technology
Committee were then assigned to revisit other standards documents, such as the new
versions of the NETS-S and NETS-T and to further revise the standards draft. Appendix A
provides the current proposed draft of mathematics teacher TPACK standards and
indicators.

Development of Mathematics Teachers’ TPACK

In reviewing the draft version of the Mathematics Teacher TPACK Standards and
Indicators, one of the authors interviewed a former undergraduate mathematics
education major (called Mary for this discussion). Mary was a student in an
undergraduate setting where technology was used in the teaching and learning of
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mathematics. Specifically, graphing calculators were used in her discrete mathematics
course, and Geometer’s Sketchpad was used extensively in her modern geometry course.
After graduation, Mary taught Algebra I in a large suburban high school and was
interviewed at the end of her third year in the classroom. She identified that Geometer’s
Sketchpad continued to be an important technological tool for her teaching and learning
and that it had helped her learn non-Euclidean geometries. Geometer’s Sketchpad was
available at her school and was used by another teacher in her school. However, Mary
chose not to use this software with her Algebra I students and thought that the software
was only appropriate for use in a geometry class.

Mary reported that she primarily used graphing calculators for computation but not
exploration. In her first 3 years of teaching, Mary indicated using technology only one
time to teach a mathematical concept. The lesson she described had the students graph
systems of linear equations and discover if and where the lines intersected, an
appropriate use of the graphing calculator. Mary’s lesson provided evidence of some of
the indicators in the TPACK Standards I and II. Specifically, Mary planned a student-
centered, technology-based lesson that promoted higher order thinking in her students,
but this activity was a one-time occurrence in a 3-year time span.

Mary’s case suggests different levels of the integrated knowledge of TPACK. Although the
Mathematics Teacher TPACK Standards and Indicators set goals for technology
integration, the standards themselves do not provide information on how teachers such
as Mary progressively gain this integrated knowledge for appropriately teaching
mathematics with suitable technologies. This recognition raises important questions.
How does TPACK develop? Is there a process in which teachers gain mathematics TPACK
knowledge? Do teachers suddenly display this knowledge in their professional practice?
What is needed is a model that captures the progression of mathematics TPACK as
teachers integrate technology into the teaching and learning of mathematics.

Niess, Sadri, and Lee (2007) proposed a developmental model for TPACK emanating
from Everett Rogers’ (1995) model of the innovation-decision process (first introduced in
1962 concerning societal diffusion of innovations). Rogers described a five-stage,
sequential process by which a person makes a decision to adopt or reject a new
innovation. Niess et al. reframed this process in terms of mathematics teachers learning
to integrate a technology that they had not yet integrated in teaching and learning
mathematics. Over a 4-year period, they observed many teachers learning about
spreadsheets and how to integrate spreadsheets as learning tools in their mathematics
classrooms. Analysis of these observations found that teachers progressed through this
five-stage developmental process when learning to integrate a particular technology in
teaching and learning mathematics:

1. Recognizing (knowledge), where teachers are able to use the technology and
recognize the alignment of the technology with mathematics content yet do not
integrate the technology in teaching and learning of mathematics.

2. Accepting (persuasion), where teachers form a favorable or unfavorable attitude
toward teaching and learning mathematics with an appropriate technology.

3. Adapting (decision), where teachers engage in activities that lead to a choice to
adopt or reject teaching and learning mathematics with an appropriate
technology.

4. Exploring (implementation), where teachers actively integrate teaching and
learning of mathematics with an appropriate technology.

5. Advancing (confirmation), where teachers evaluate the results of the decision to
integrate teaching and learning mathematics with an appropriate technology.
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Considering these five levels for integrating technology in teaching and learning
mathematics relying on the integration of knowledge of technology, pedagogy, and
content (TPACK), AMTE’s Technology Committee created a visual description for
thinking about the TPACK levels. Figure 1 depicts levels in which teachers engage as they
develop their knowledge and understandings in ways that merge multiple knowledge
bases — technology, content, and pedagogy. On the left side of the graphic, the figure
highlights PCK as the intersection of pedagogy and content. Then, as knowledge of
technology expands and begins to intersect with pedagogical and content knowledge, the
teacher knowledge base that emerges is the knowledge described as TPACK — where
teachers actively engage in guiding student learning of mathematics with appropriate
technologies.

PCK TPACK

— L L ~ Adapting ..

Figure 1. Visual description of teacher levels as their thinking and understanding
merge toward the interconnected and integrated manner identified by TPACK.

An important caveat when thinking about these levels and the progression toward TPACK
is that, while appearing linear with respect to a particular technology, the transition from
one level to another does not display a regular, consistently increasing pattern. As with
Rogers’ innovation-decision process, the emergence of a new technology requires
rethinking its acceptance for teaching and learning mathematics. It requires rethinking
the content and the pedagogies, as well. Thus, the levels are proposed to display more of
an iterative process in the development of TPACK. Some aspects of what is learned about
teaching a particular topic with one technology may provide a disposition toward
acceptance of another technology, but teachers often challenge an integration that is
different from the way they learned specific mathematics concepts.

A Mathematics Teacher TPACK Development Model

While the Mathematics Teacher TPACK Standards provide a lens for considering the
actions of teachers who have an integrated knowledge of technology, content, and
pedagogy, the recognition of the levels of thinking and understanding as they begin to
develop this TPACK calls for clarification. Mishra and Koehler (2006) dissected the basic
TPACK framework into its knowledge components beginning with content knowledge
(CK), pedagogical knowledge (PK), and pedagogical content knowledge (PCK). As
technology knowledge (TK) becomes integrated with these components, additional

10



Contemporary Issues in Technology and Teacher Education, 9(1)

components emerge: technological content knowledge (TCK) and technological
pedagogical knowledge (TPK) are added to PCK as intersections of the content,
pedagogical, and technological knowledge. They discussed TCK as follows: “teachers need
to know not just the subject matter they teach but also the manner in which the subject
matter can be changed by the application of technology” (p. 1028). TPK was described as
“knowledge of the existence, components, and capabilities of various technologies as they
are used in teaching and learning settings, and conversely, knowing how teaching might
change as the result of using particular technologies” (p. 1028).

These added descriptions explain the various intersections in general terms; however,
they are not embedded within the context of developing mathematics TPACK. The AMTE
Technology Committee decided to unpack the teacher levels in thinking and
understanding in the process of the development of TPACK, as described in the
Mathematics Teacher TPACK Standards. Four major themes further framed the
Mathematics Teacher TPACK Development Model: Curriculum and Assessment,
Learning, Teaching, and Access. Rather than treating Curriculum and Assessment
separately, the Technology Committee decided that these themes should be grouped to
highlight the connection between the curricular and assessment decision-making process.
From this thinking, the Technology Committee developed descriptors as outlined in Table
1.

Table 1
Descriptors for Major Themes in the Mathematics Teacher TPACK Development Model

Theme Descriptors
Curriculum and e  Curriculum, the treatment of the subject matter
Assessment e Assessment, assessing the students’ understandings
Learning e Focus on subject matter (i.e., learning of mathematics
topics)

e Demonstration of conceptions of how students learn (i.e.,
development of students’ thinking skills)

Teaching e Focus on subject matter (i.e., learning of mathematics
topics)
e Instructional approaches
e Classroom environment
e Professional development

Access o  Usage (whether or not students are allowed to use
technology)
e Barriers (how teachers address barriers to technology
integration)

e Availability (how technology makes higher levels and more
mathematics available for investigation for greater numbers
of more and more diverse students.

The next step was to expand the descriptors through the TPACK levels and identify
specific examples for each descriptor at each of the TPACK levels using detailed
descriptions of the levels provided from Niess’ (2007) work. Appendix B expands the
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Mathematics Teacher TPACK Development Model, providing detailed (albeit not
exhaustive) actions that teachers may experience and engage in while adapting
technology in their teaching in order to enhance student learning.

As an example of how the Curriculum and Assessment theme engages the shift in
mathematics subject matter, consider teachers who initially recognize that technology can
be used to support mathematical processes such as square root. Teachers’ thought
processes progress toward an acceptance of the technology as they incorporate it as an
alternative for the algorithmic procedure for finding a square root, although they remain
concerned about the loss of algorithmic skills for finding square roots.

At the adapting level teachers are willing to try some activities in the classroom that
typically mimic activities from their own professional development experiences. Perhaps
they focus on estimating square roots and then compare their estimates with calculator
results. At some point, these teachers begin to explore their specific mathematics
curriculum in search of places to incorporate the calculator square root function as a tool
for shifting the subject matter emphasis toward an application of the concept of square
roots, where students are allowed to find the results using appropriate technologies such
as calculators for identifying the square root results.

Teachers at the advancing level not only incorporate calculators for working on other
mathematical topics, they actually challenge the curriculum, looking for how that
curriculum might shift as a result of the calculator’s capability for finding square roots.
These teachers are more willing to make changes in their curriculum, adding and
dropping particular topics as a result of the technological capabilities. Now, these
teachers no longer focus on teaching the square root algorithm and allow students to use
calculators to identify actual square roots, if such a result is needed. With these teacher
decisions, the curriculum is shifted toward teaching the concept of square root and
estimating square roots, rather than the more procedural emphasis on finding square
roots; in fact, a new curriculum component may be introduced to focus on understanding
the difference between approximate and exact solutions.

From the Learning theme, teachers might recognize that technology provides an
instructional tool for their mathematics classes but at the same time they might perceive
that the technology potentially interferes with learning key mathematical ideas.
Therefore, the technology is allowed only outside of the regular instructional activities. At
the accepting level, teachers see that the technology is here to stay and form their own
attitudes and beliefs regarding its use in their instruction. At this level teachers might
have concerns that students do not develop appropriate mathematical thinking skills; so
technology is used to check their work, first completed with paper and pencil. At the
adapting level, teachers start experimenting with the technology to determine whether to
adopt or reject it. They might consider it to be useful but still express questions about
students developing appropriate mathematical thinking skills. Therefore, although
students use technology for most topics, testing remains mostly technology free.

At the exploring level, teachers who decide to adopt the technology in their classrooms
start integrating teaching and learning of mathematics with appropriate technologies;
they plan, implement, and reflect on teaching and learning with a possible concern for
guiding students in understanding mathematics using the technology as a tool for
learning. At the last level, advancing, teachers are likely to evaluate the results of the
decision to integrate technology in teaching and learning mathematics. As a result,
technology integration becomes integral (rather than in addition) to the development of
the mathematics students are learning.

12
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TPACK Next Steps

This description of the overarching construct of TPACK provides specific and identifiable
constructs of teacher knowledge associated with TPACK, accompanied with a model or a
framework that supplies context for the constructs. The themes, levels, and descriptors
provide structured detail to permit various groups to use the model independently. The
five levels (recognizing, accepting, adapting, exploring, and advancing) expand upon the
themes of Curriculum and Assessment, Learning, Teaching, and Access. The descriptors
for each level and the mathematics examples provide further delineation of the themes
and levels. This structure may be useful for teachers, researchers, teacher educators,
professional development consultants, and school administrators to guide development
and evaluation of professional development activities, mathematics education programs,
and school mathematics programs.

Teachers may find the model useful in assessing their level of mathematics TPACK using
the descriptors and examples, and then plan their individual professional development in
mathematics instructional technology. Principals and professional development
consultants, with specific work guided by TPACK, are able to plan more informed and
directed professional development for groups of teachers, as well as evaluate the
effectiveness of their programs. Teacher educators might find the TPACK levels helpful in
evaluating and planning the technology preparation of their preservice and in-service
students. The Mathematics Teacher TPACK Developmental Model establishes common
constructs and language that should help researchers connect their work to that of others
and within a larger context.

A number of questions remain about the model. For example, a mathematics teacher may
be at different levels for different themes and descriptors (Appendix B). That is, in the
Curriculum and Assessment theme, one might be at the exploring level by demonstrating
a willingness to develop personal ideas for using technologies in instruction, yet at the
recognizing level when it comes to allowing students to use technologies during
assessments. This proposal must be tested. Moreover, moving from one level to another
may require different sets of experiences for different levels and for different teachers.
What are these sets of experiences? Do experiences exist that cause teachers to regress
from one level to a previous one? Do teachers skip levels?

This model generates a number of new questions for mathematics educators; however,
these questions are much more focused and specific than what typically emerge without
such a model. Moreover, the answers to these questions, should they be answered, will
have a ready-made framework for a mathematics context. In this way, mathematics
education moves forward in the understanding of the impact of technology on the
learning of mathematics.

The Mathematics Teacher TPACK Standards and the corresponding TPACK Development
Model are works in progress that may change as new technologies are introduced into
mathematics classrooms and as more research is conducted in classrooms that carefully
examine and describe the teaching and learning. A directed focus on understanding
mathematics teachers’ TPACK will continue to push the uses of technology in the
mathematics classroom, as well as outside of our current limited human imagination.

13
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Appendix. Proposed Mathematics Teacher TPACK Standards and Indicators

I. Designing and developing digital-age learning environments and experiences
Teachers design and develop authentic learning environments and experiences
incorporating appropriate digital-age tools and resources to maximize mathematical
learning in context.

Teachers...

1. | identify, locate, and evaluate

¢ mathematical environments, tasks, and experiences in the curriculum to
integrate digital technology tools for supporting students’ individual and
collaborative mathematical learning and creativity;

e appropriate technological resources and tools for these mathematical
environments, tasks, and experiences.

2. | design appropriate mathematical learning opportunities that incorporate worthwhile
mathematical tasks, based on current research and that apply appropriate
technologies to support the diverse needs of all students in learning mathematics
(considering diverse learning styles, working strategies, and abilities using digital
tools and resources).

3. | plan strategies to facilitate equitable access to technology resources for all students
in learning mathematics.

I1. Teaching, learning and the mathematics curriculum

Teachers implement curriculum plans that include methods and strategies for applying
appropriate technologies to maximize student learning and creativity in mathematics.

Teachers ...

1. | incorporate knowledge of all students’ understandings, thinking, and learning of
mathematics with technology.

2. | facilitate technology-enhanced mathematical experiences that foster creativity and
encourage all students to develop higher order thinking skills while promoting
discourse among students as well as among teacher and students.

3. | use technology to support learner-centered strategies that address the diverse needs
of all students in learning mathematics as these strategies help students become
responsible for and reflect on their own learning.

4. | advocate, model and teach safe, legal, and ethical use of digital information and
technology use by all students in learning mathematics.

I11. Assessment and evaluation

Teachers apply technology to facilitate a variety of effective assessment and evaluation
strategies.

Teachers ...

1. | apply appropriate technologies to assess all students’ learning of mathematics,
reflect upon the assessment results, and communicate those results using a variety
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of tools and techniques.

2. | assess students’ appropriate and ethical use of technology resources in learning and
communicating mathematics.

3. | use formative assessment of technology-enhanced student learning to evaluate
students’ mathematics learning and to adjust instructional strategies.

4. | align the technology expectations for assessment tasks and practices with that of

mathematics classroom activities and expectations.

IV. Productivity and professional practice

Teachers use technology to enhance their productivity and professional practice.

Teachers ...

1.

evaluate and reflect on the effective use of existing and emerging technologies to
enhance all students’ mathematical learning.

2. | exhibit leadership by demonstrating a research-based vision of integrating
technology in teaching mathematics.

3. | demonstrate and promote safe, legal and ethical use of technology for learning and
exploring mathematics with students, parents, and colleagues.

4. | use technology to communicate and collaborate with parents, colleagues, and the
larger community in order to nurture student mathematical learning.

5. | regularly participate and interact in ongoing professional activities, taking

advantage of new and emerging digital age communication resources, to improve
their technological, pedagogical, and content knowledge for promoting student
creativity and learning in mathematics.
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Appendix B

Mathematics Teacher TPACK Development Model: Themes X Levels X Descriptors X Examples

CURRICULUM & ASSESSMENT
C: Curriculum descriptor A: Assessment descriptor Ex: Mathematics Example
Recognizing
C: Acknowledges that mathematical ideas displayed with the technologies can be useful for making sense of topics addressed in the curriculum.

Ex: Creates graphs of multiple linear functions using graphing calculators to provide a visual representation for varying slopes. Considers these visuals
as making sense of the idea of slope but is unsure of how this might help students learn the basic concept.

A: Resists idea of technology use in assessment indicating that technology interferes with determining students’ understanding of mathematics.

Ex: Does not allow calculator use when assessing students’ understanding of solving linear equations.

Accepting
C: Expresses desire but demonstrates difficulty in identifying topics in own curriculum for including technology as a tool for learning.

Ex: Attends and participates in mathematics dynamic geometry system workshop to identify curricular ideas for incorporating the technologies as
learning tools. Mimics the incorporation of a dynamic geometry system idea from the workshop to display measuring the sum of the angles of a
triangle that upon multiple changes of the triangle suggests that the sum of the angles of any triangle is 180 degrees.

A: Acknowledges that it might be appropriate to allow technology use as part of assessment but has a limited view of its use (i.e., use of technology on a
section of an exam).

Ex: Attends and participates in a mathematics assessment professional development to consider ideas for assessing students’ understanding of solving
systems of linear functions using the calculator as a tool. Mimics the assessment idea to explain the use of the calculator for solving systems of
linear functions by using the trace function to identify the intersection. Often retests technology questions with paper and pencil questions to be sure
that the concept was learned the ‘right” way.

Adapting
C: Understands some benefits of incorporating appropriate technologies as tools for teaching and learning the mathematics curriculum.

Ex: Targets key topics students investigate with technology. Develops lessons to demonstrate mathematics concepts with technology and activities for
students to use technology to verify or reinforce those concepts. After students have learned to create graphs of specific linear functions, students
are challenged to use the spreadsheet to verify the graphical representation of the ordered pairs.

A: Understands that if technology is allowed during assessments that different questions/items must be posed (i.e., conceptual vs. procedural
understandings).

Ex: Allows use of calculator in an assessment but designs the assessment to focus on gathering students’ conceptual understanding of solving systems
of linear functions in addition to their procedural understanding.

Exploring
C: Investigates the use of topics in own curriculum for including technology as a tool for learning; seeks ideas and strategies for implementing technology
in a more integral role for the development of the mathematics that students are learning.

Ex: Adapts own previous mathematics lesson to include technology.

Ex: Develops own ideas about using technology to enhance current curriculum; thus, begins altering preexisting activities or creating new activities for
current curriculum.
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A: Actively investigates use of different types of technology-based assessment items and questions (e.g., technology active, inactive, neutral or passive).
Ex: Designs assessments where students are expected to show their understanding of mathematical ideas using an appropriate technology that extends
beyond paper and pencil type questions.

Advancing
C: Understands that sustained innovation in modifying own curriculum to efficiently and effectively incorporate technology as a teaching and learning tool
is essential.

Ex: Develops innovative ways to use technology to develop mathematical thinking in students such as using virtual algebra tiles to extend ideas of
handheld manipulatives to focus on variables in algebraic expressions.
Ex: Modifies and advances curriculum to take advantage of technology as a tool for teaching and learning such as using CAS to explore more complex
algebraic expressions.
A: Reflects on and adapts assessment practices that examine students’ conceptual understandings of the subject matter in ways that demand full use of
technology.
Ex: Develops innovative assessments to capture students’ understandings of the mathematics embedded in the particular technology.

LEARNING
M: Mathematics learning descriptor C: Conception of student thinking descriptor Ex: Mathematics example
Recognizing
M: Views mathematics as being learned in specific ways and that technology often gets in the way of learning.
Ex: Mathematical exploration with technology rarely seen.
C: More apt to accept the technology as a teaching tool rather than a learning tool.
Ex: Technology is used only outside of normal classroom activities, such as checking homework, calculating large numbers, etc.
Accepting
M: Has concerns about students’ attention being diverted from learning of appropriate mathematics to a focus on the technology in the activities.
Ex: Limits student technology use, particularly during the introduction and development of key topics.
C: s concerned that students do not develop appropriate mathematical thinking skills when the technology is used as a verification tool for exploring the
mathematics.
Ex: Activities that use technology are almost always redone without technology to be certain students really learned the particular concept.
Adapting
M: Begins to explore, experiment and practice integrating technologies as mathematics learning tools.
Ex: Students explore some mathematics topics using technology.
C: Begins developing appropriate mathematical thinking skills when technology is used as a tool for learning.
Ex: Although students use technology for most topics, assessing student thinking remains mostly technology free.
Exploring
M: Uses technologies as tools to facilitate the learning of specific topics in the mathematics curriculum.
Ex: Students explore numerous topics using technology, sometimes ranging outside the topic at hand.
C: Plans, implements, and reflects on teaching and learning with concern for guiding students in understanding.
Ex: Technology activities are implemented and evaluated with respect to student learning of mathematics and student attitudes toward mathematics.
Ex: Manages technology-enhanced activities towards directing student engagement and self-direction in learning mathematics.

Advancing
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M: Plans, implements, and reflects on teaching and learning with concern and personal conviction for student thinking and understanding of the
mathematics to be enhanced through integration of the various technologies.
Ex: Students explore mathematics topics, integrating various technologies in attempts to better understand mathematical concepts.
C: Technology-integration is integral (rather than in addition) to development of the mathematics students are learning.
Ex: Engages students in high-level thinking activities (such as project-based and problem solving and decision making activities) for learning
mathematics using the technology as a learning tool.
Ex: Technology is used to develop advanced levels of understanding of mathematical concepts.

TEACHING
M: Mathematics learning descriptor I: Instructional descriptor E: Environment descriptor PD: Professional development descriptor Ex: Mathematics example

Recognizing
M: Concerned that the need to teach about the technology will take away time from teaching mathematics.
Ex: Students use technology on their own and little or no instruction with technology is present.
I: Does not use technology to develop mathematical concepts.
Ex: Technology, if used in class, is used for menial or rote activities.
E: Uses technology to reinforce concepts taught without technology.
Ex: Focus on linear functions where students practice creating graphs by hand to explore different functions. After students have demonstrated
competence with linear functions, summarize the knowledge, with a spreadsheet example or a graphing calculator example.
PD: Considers attending local professional development to learn more about technologies.
Ex: Attends local workshops that focus on gaining skills with the technology; context of the learning activities is mathematics.
Accepting
M: Uses technology activities at the end of units, for “days off,” or for activities peripheral to classroom instruction.
Ex: Technology-enhanced activities are not used for topics that require more advanced technology skills.
I:  Merely mimics the simplest professional development mathematics curricular ideas for incorporating the technologies.
Ex: Introduces the Pythagorean Theorem algorithmically; teacher use of dynamic geometry to verify the Pythagorean Theorem; students find solutions
to example problems using paper and pencil.
E: Tightly manages and orchestrates instruction using technology.
Ex: Technology is directed, in a tightly sequenced, step-by-step process. Skill-based, non-exploratory technology use.
PD: Recognizes the need to participate in technology related PD.
Ex: Seeks out technology-related professional development, workshops that are directed at developing the technology in the learning of mathematics.
Adapting
M: Uses technology to enhance or reinforce mathematics ideas that students have learned previously.
Ex: Students use technology to reinforce previously teacher-taught concepts.
I: Mimics the simplest professional development activities with the technologies but attempts to adapt lessons for his/her mathematics classes.
Ex: Technology-based lessons are incorporated that are tailored to students’ needs.
E: Instructional strategies with technologies are primarily deductive, teacher-directed in order to maintain control of the how the activity progresses.
Ex: Begins to adapt instructional approaches that allow students opportunities to explore with technology for part of lessons.
PD: Continues to learn and explore ideas for teaching and learning mathematics using only one type of technology (such as spreadsheets).
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Ex: Shares ideas from professional development with other mathematics teachers in the building.

Exploring

M: Engages students in high-level thinking activities (such as project-based and problem solving and decision making activities) for learning mathematics
using the technology as a learning tool.
Ex: Teachers share classroom-tested, technology-based lessons, ideas, and successes with peers.

I:  Engages students in explorations of mathematics with technology where the teacher is in role of guide rather than director of the exploration.
Ex: Students use technology to explore new concepts as the teacher serves mostly as a guide.

E: Explores various instructional strategies (including both deductive and inductive strategies) with technologies to engage students in thinking about the
mathematics.
Ex: The teacher incorporates a variety of technologies for numerous topics.

PD: Seeks out and works with others who are engaged in incorporating technology in mathematics.
Ex: Organizes teachers of similar mathematics and grade level in investigating the mathematics curriculum to integrate appropriate technologies.

Advancing

M: Active, consistent acceptance of technologies as tools for learning and teaching mathematics in ways that accurately translate mathematical concepts and
processes into forms understandable by students.
Ex: Teacher is seen as a resource as novel ideas for helping students learn mathematics with technology.

I:  Adapts from a breadth of instructional strategies (including both deductive and inductive strategies) with technologies to engage students in thinking
about the mathematics.
Ex: The teacher helps students move fluently from one tool to another while demonstrating a focus on and a joy of deeply understanding mathematical

topics.

E: Manages technology-enhanced activities in ways that maintains student engagement and self-direction in learning the mathematics.
Ex: The teacher forms and reforms learning groups where individual and group learning is valued and encouraged.

PD: Seeks ongoing PD to continue to learn to incorporate emerging technologies. Continues to learn and explore ideas for teaching and learning
mathematics with multiple technologies to enhance access to mathematics.
Ex: Engages teachers in the district in evaluating and revising the mathematics curriculum to more seamlessly integrate technology throughout the

grades, adjusting the curriculum for a 21 century mathematics curriculum with appropriate technologies.

ACCESS
U: Usage descriptor B: Barrier descriptor A: Availability descriptor Ex: Mathematics example
Recognizing

U: Permits students to use technology ‘only’ after mastering certain concepts.

Ex: Mathematical exploration with technology tools is challenged by beliefs about how students need to learn mathematics.
B: Resists consideration of changes in content taught although it becomes accessible to more students through technology.

Ex: Student access to technology is limited to “‘after’ they have learned the given concepts using paper and pencil procedures and only for rote activities.
A: Notices that authentic problems are more likely to involve ‘unfriendly numbers” and may be more easily solved if students had calculators.

Ex: Assigns some mathematics problems using school and community data but saves then for “extra credit” work if students have calculators.

Accepting
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U: Students use technology in limited ways during regular instructional periods.
Ex: Student activities with technology are limited to brief tightly controlled situations.

B: Worries about access and management issues with respect to incorporating technology in the classroom.
Ex: Students can only use technology in isolated situations or non-important learning situations.

A: Calculators permit greater number of examples to be explored by students.
Ex: Student use calculators to investigate patterns and functions.

Adapting

U: Permits students to use technology in specifically designed units.
Ex: Access to and use of technology is available for exploration of new topics, usually with the teacher’s demonstration.

B: Uses technology as a tool to enhance mathematics lessons in order to provide students a new way to approach mathematics.
Ex: Concepts learned with technology are not assessed with technology.

A: Concepts are taught differently since technology provides access to connections formerly out of reach.
Ex: Students use dynamic geometry software to investigate and make connections between trigonometry functions.

Exploring

U: Permits students to use technology for exploring specific mathematical topics.
Ex: Access to and use of technology is available and encouraged for mathematics exploration during most class times.

B: Recognizes challenges for teaching mathematics with technologies, but explores strategies and ideas to minimize the impact of those challenges.
Ex: Technology is used extensively in assessments. Seeks out ways to obtain technology for classroom use and begins creating methods for technology

management issues.

A: Through the use of technology, key topics are explored, applied, and assessed incorporating multiple representations of the concepts and their
connections.
Ex: Simultaneous equations are developed from an authentic situation, solved, and interpreted using graphs, tables, symbols and data.

Advancing

U: Permit students to use technology in every aspect of mathematics class.
Ex: Technology is seen as an opportunity to challenge notions of what mathematics students can master.

B: Recognizes challenges in teaching with technology and resolves the challenges through extended planning and preparation for maximizing the use of
available resources and tools.
Ex: Technology is used to expand the mathematics concepts that can be accessed by students.

A: Students are taught and permitted to explore more complex mathematics topics or mathematical connections as part of their normal learning experience.
Ex: Using the Internet to find interesting mathematical problems, students investigate the role that technologies can play in finding solutions to the

problems.
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